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ISI, MPN and RIN: the Big Picture

૙࢘ࣆ

࢙࣋

 ”௦: ISI with a “single-mode VCSELߩ
 Worst-case received waveform 

due to “single-mode VCSEL” 
ൎ ௦cosߩ ݐܤߨ

 Red-curve in eye-diagram
 Implicit in Ogawa-Agrawal model

 :௥బߤ ISI with a multi-moded VCSEL
 ௥బߤ ൌ ௠ߩ ௠, where the factorߩ௦ߩ

scales the ISI in single-mode 
case to that of a MM source

 -௠: additional ISI due to multiߩ
mode VCSEL

 Contributions to variance of 
received sample ݎ଴:
 ௥బߪ

ଶ : due to MPN
 ோூேିைெ஺ଶߪ : due to RIN
 ௧௛ଶߪ : due to thermal noise



ISI, MPN, RIN Penalties

 Model:

 Total Penalty (ISI + MPN + RIN):
 ܳ௢௣௧: system Q

 Can separate out penalties:

௞ݎ ൌ ௥బߤܵ ൅ ݊௧௛,௞ ൅ ܵ݊ோூேିைெ஺,௞ ൅ ܵ݊ெ௉ேିைெ஺,௞
݊ெ௉ேିைெ஺,௞~N 0, ௥బߪ

ଶ

݊ோூேିைெ஺,௞~N 0, ோூேିைெ஺ଶߪ

݊௧௛,௞~N 0, ௧௛ଶߪ

ܵ: OMA

ூܲௌூାெ௉ேାோூே ൌ െ5 logଵ଴ ௥బߤ
ଶ െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ ൅ ௥బߪ

ଶ

ூܲௌூ ൌ െ10 logଵ଴ ௥బߤ

ோܲூே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ

௥బߤ
ଶ

ெܲ௉ே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ௥బߪ
ଶ

௥బߤ
ଶ

ூܲௌூାெ௉ேାோூே ൌ ூܲௌூ ൅ ெܲ௉ே ൅ ோܲூே ൅ ௖ܲ௥௢௦௦

௖ܲ௥௢௦௦ ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ ൅ ௥బߪ
ଶ

௥బߤ
ଶ െ ோܲூே െ ெܲ௉ே



Scaling of RIN and MPN Penalties

 Both RIN and MPN should be normalized by total ISI ൌ ௥బൌߤ ௠ߩ௦ߩ

 RIN: Spreadsheet does normalize RIN std. dev. by total ISI ൌ ௥బߤ  correct

 Mode Partition Noise:
 Ogawa-Agrawal model for MPN already normalizes ߪ௥బ by ߩ௦
 Consistent with OA-model, spreadsheet uses 	ߪெ௉ேିை஺ ൌ ௦ߩ/௥బߪ  not correct
 Therefore,  MPN std. dev. in the spreadsheet ߪெ௉ேିை஺ requires scaling by ߩ௠
 If we were to normalize ߪெ௉ேିை஺ by ߤ௥బ, we would have effectively normalized 
௠ߩ௦ଶߩ ௥బbyߪ  double counts ߩ௦

 spreadsheet Summary: 
 RIN treatment accurate in spreadsheet
 MPN std. dev. requires scaling by ߩ௠ (additional ISI due to multi-moded

nature of VCSEL), identified in lingle_01_0512 and following.

ோܲூே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ

௥బߤ
ଶ ெܲ௉ே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ௥బߪ

ଶ

௥బߤ
ଶ



Conclusions

 Have re-derived ISI, MPN and RIN penalties from first principles to resolve 
issues related to correct scaling factors in the spreadsheet

 Shown that the scaling factor for RIN in the spreadsheet is correct

 MPN treatment in spreadsheet is consistent with Ogawa-Agrawal model

 Shown that the MPN std. dev. in the OA model (and current version of 
spreadsheet) ߪெ௉ேିை஺ needs to be further scaled by ߩ௠, the additional ISI 
due to the multi-moded nature of the VCSEL
 With the mode continuum approximation and Gaussian VCSEL spectrum, it 

can be shown that ߩ௠ ൌ ݁ିఉమ/ଶ where ߚ ൌ ఒߪܮܦܤߨ

 Shown that while in general both RIN and MPN penalties require the same 
scaling factors (= total ISI), these factors should be different in the 
spreadsheet due to how various variances are defined and partially pre-
normalized



Detailed Analysis



Link Model

 Received waveform given by: ݎ ݐ ൌ ܵ∑ ௟݄ݔ ݐ െ ݈ܶ ൅ ݊௧௛ ݐ ൅ ݊ோூேሺݐሻ௟ where:
 ܵ is the OMA
 End-to-end link response: ݄ ݐ ൌ ܴܼܰ ݐ ⋆ ்݄௑ ݐ ⋆ ݄ெெி ݐ ⋆ ݄ோ௑ሺݐሻ
 Thermal noise: ݊௧௛ ݐ ൌ ௧௛௘௥௠௔௟ߟ ݐ ⋆ ݄ோ௑ ݐ
 RIN: ݊ோூே ݐ ൌ ோூேߟ ݐ ⋆ ݄ெெி ݐ ⋆ ݄ோ௑ ݐ

 spreadsheet uses Gaussian approximations for the filters ்݄௑ ݐ , ݄ெெி ݐ
and ݄ோ௑ ݐ and so the end-to-end link response is:

 ்ܶ௑ is the 10%-90% rise-time of the transmit pulse
 ܤ ஼ܹ஽, ܤ ெܹா are the chromatic and modal bandwidths of the fiber
 ܤ ோܹ௑ is the receiver bandwidth 

்݄௑ ݐ ݄ெெி ݐ ݄ோ௑ ݐሺߜ௟ݔ൅෍ݐ െ ݈ܶሻ
௟

ሻݐሺݎ

ݐ ൌ ݇ܶ ൅ ߬଴

௞ݎ
௟ݔ ∶ ݏݐܾ݅	ݐ݅݉ݏ݊ܽݎܶ

ܴܼܰ ݐ ൅

ோூேߟ ݐ
PSD ൌ 	ܵଶ ோܰூே 2⁄

௛௘௥௠௔௟்ߟ ݐ
PSD ൌ 	 ଴ܰ 2⁄

Rise/Fall timeRectangular 
Pulse

݄ ݐ ൌ ܳ
ݐ െ ܶ/2
௖ߪ

െ ܳ
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௖ܶ
ଶ ൌ ்ܶ௑

ଶ ൅ ଵଶܥ
1

ܤ ஼ܹ஽
ଶ ൅

1
ܤ ெܹா

ଶ ൅
0.5
ܤ ோܹ௑

ଶ
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௖ܶ
ଵܥ
⋅

0.6 log 10
ߨ2

ଵܥ ൌ
0.6 log 10
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1
2 erfc

ݐ
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Inter-symbol Interference

 Received samples: ݎ௞ ൌ ܵ∑ ݄௟ݔ௞ି௟ ൅ ݊௧௛,௞ ൅ ݊ோூே,௞௟

 spreadsheet approximates end-to-end link response by 3 ࢀ-spaced taps:

 Assuming ࢞࢑ ൌ ૚, the received sample corresponding to the worst-case ISI 
is given by:

 where ܵ is the OMA

 Note that

 Therefore, the worst-case received sample without MPN is:

௞ݎ ൎ ܵ ⋅ ݄଴ݔ௞ ൅ ݄ଵݔ௞ିଵ ൅ ݄ିଵݔ௞ାଵ ൅ ݊௧௛,௞ ൅ ݊ோூே,௞

௞ݎ ൎ ܵ ⋅ ݄଴ െ ݄ଵ െ ݄ିଵ ൅ ݊௧௛,௞ ൅ ݊ோூே,௞

݄௞ ൌ ݄ሺ݇ܶሻ

݄଴ ൌ 1 െ 2ܳ
ܶ
௖ߪ2

݄ଵ ൌ ݄ିଵ ൌ ܳ
ܶ
௖ߪ2

െ ܳ
3ܶ
௖ߪ2

ൎ ܳ
ܶ
௖ߪ2

ൌ
1 െ ݄଴
2

௞ݎ ൎ ଴ߩܵ ൅ ݊௧௛,௞ ൅ ݊ோூே,௞ ଴ߩ ൌ 2݄଴ െ 1



Mode Partition Noise Modeling

 Define ߩ௦	= worst-case ISI with single-moded VCSEL (Normalized to OMA ܵ)
 Can approximate worst-case received waveform by ߩ௦cos ݐܤߨ (red curve)
 Received sample due to VCSEL mode ݅	 is given by ߩ௜ ൌ ௦cosߩ ܮܦܤߨ ௜ߣ െ ଴ߣ
 Mode ݅	of the VCSEL induces a delay Δݐ௜ ൌ ܮܦ ௜ߣ െ ଴ߣ

 Therefore, worst-case received sample with multi-moded VCSEL is:

 ܽ௜ : relative VCSEL mode powers
 ଴ݎ fluctuates due to variations in relative VCSEL mode powers  MPN model

0t

଴ݎ ൌ෍ܽ௜ ௜ߩ			௜ߩ ൌ ௦cosߩ ܮܦܤߨ ௜ߣ െ ଴ߣ 	
௜

଴ݎ ൎ ௥బߤ ൅ ݊ெ௉ேିைெ஺ ݊ெ௉ேିைெ஺~N 0, ௥బߪ
ଶ



MPN modeling contd.

 Assume continuum of VCSEL modes:

 Assume Gaussian VCSEL spectrum:

 Mean and variance of received sample given by:

଴ݎ ൌ න ܽ ߣ ߩ ߣ ߣ݀
ஶ

ିஶ
, ߩ	 ߣ ൌ ௦ߩ cos ܮܦܤߨ ߣ െ ଴ߣ

௥బߤ ൌ න തܽ ߣ ߩ ߣ ߣ݀
ஶ

ିஶ
, ௥బߪ

ଶ ൌ ݇ெ௉ேଶ න തܽ ߣ ଶߩ ߣ ߣ݀
ஶ

ିஶ
െ ௥బߤ

ଶ

തܽ ߣ ൌ
1

ఒଶߪߨ2
exp െ

1
2

ߣ െ ଴ߣ
ఒߪ

ଶ

, 				 ఒ:RMS spectral−widthߪ

௥బߤ ൌ ,௠ߩ௦ߩ ௠ߩ ൌ exp െ
ଶߚ

2 , ௥బߪ
ଶ ൌ

௦ଶ݇ெ௉ேଶߩ

2 1 െ ݁ିఉమ
ଶ
	, ߚ			 ൌ ఒߪܮܦܤߨ



MPN Modeling contd.

 What does ߤ௥బ ൌ ௠ߩ௦ߩ ൌ ௦݁ିఉߩ
మ/ଶ ൑ ௦ߩ mean?

 Explanation:
 Red dot: received sample with single-moded VCSEL
 Blue dot: received sample with multi-moded VCSEL with mean mode powers
 ௠ߩ ൌ ݁ିఉమ/ଶ denotes the drop from the red-dot to the blue-dot  additional 

ISI induced due to multi-moded nature of VCSEL

 Note that ߤ௥బ ൌ ௠ߩ௦ߩ ൌ ௦݁ିఉߩ
మ/ଶ ൎ ଴ߩ ൌ 2݄଴ െ 1 = total ISI with a multi-moded

VCSEL

0r

2
0r



0t



Relative Intensity Noise

 RIN power spectral density at the receiver: ܵ௡ೃ಺ಿ ݂ ൌ ܵଶ ܩ ݂ ଶ
ோܰூே/2

 where ݃ ݐ ൌ ݄ெெி ݐ ⋆ ݄ோ௑ ݐ

 Easy to show that

 RIN variance can be computed from:

 Straight-forward to show that RIN variance is 

 ோூேିைெ஺ଶߪ is the RIN variance normalized to OMA

ோூேଶߪ ൌ න ܵ௡ೃ಺ಿሺ݂ሻ݂݀
ஶ
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ൌ
ܵଶ ோܰூே

2 න ܩ ݂ ଶ݂݀
ஶ

ିஶ
ൌ
ܵଶ ோܰூே

2 න ݃ ݐ ଶ݀ݐ
ஶ

ିஶ

݃ ݐ ൌ
1

௚ଶߪߨ2
exp െ

1
2

ݐ
௚ߪ

ଶ

௚ߪ ൌ
0.6 log 10
ߨ2 ⋅

1
ܤ ஼ܹ஽

ଶ ൅
1

ܤ ெܹா
ଶ ൅

0.5
ܤ ோܹ௑

ଶ

ோூேଶߪ ൌ ܵଶߪோூேିைெ஺ଶ , ோூேିைெ஺ଶߪ ൌ ோܰூே

4 ௚ߪߨ
⇒ ݊ோூே,௞ ൌ ܵ ⋅ ݊ோூேିைெ஺,௞



ISI + MPN + RIN Penalty

 Worst-case received sample with MPN is:
 But the MPN model gives:
 Therefore, final model for received sample is:

 All three noise sources are assumed to zero-mean, white Gaussian:
 Thermal noise                         
 RIN (normalized to OMA)
 MPN (normalized to OMA)

 System Q ሺൌ ܳ௢௣௧ሻ given by:

 System Q without any ISI, MPN or RIN:
 Link model (here) is:  

 Therefore, total link penalty (ISI + MPN + RIN) = 

௞ݎ ൌ ଴ݎܵ ൅ ݊௧௛,௞ ൅ ܵ݊ோூேିைெ஺,௞
଴ݎ ൌ ௥బߤ ൅ ݊ெ௉ேିைெ஺,௞

݊ெ௉ேିைெ஺,௞~N 0, ௥బߪ
ଶ

௞ݎ ൌ ௥బߤܵ ൅ ݊௧௛,௞ ൅ ܵ݊ோூேିைெ஺,௞ ൅ ܵ݊ெ௉ேିைெ஺,௞

݊ோூேିைெ஺,௞~N 0, ோூேିைெ஺ଶߪ
݊௧௛,௞~N 0, ௧௛ଶߪ

ܳ௢௣௧ଶ ൌ
ܵଶߤ௥బ

ଶ

௧௛ଶߪ ൅ ܵଶߪோூேିைெ஺ଶ ൅ ܵଶߪ௥బ
ଶ 	
	

௞ݎ ൌ ܵ଴ ൅ ݊௧௛,௞

ܳ௢௣௧ଶ ൌ
ܵ଴ଶ

௧௛ଶߪ 	
	

ூܲௌூାெ௉ேାோூே ൌ 10 logଵ଴
ܵ
ܵ଴

ൌ െ5 logଵ଴ ௥బߤ
ଶ െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ ൅ ௥బߪ

ଶ



Separate ISI, MPN, RIN Penalties

 Can separate out individual penalties as follows:

ூܲௌூାெ௉ேାோூே ൌ െ10 logଵ଴ ௥బߤ െ 5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ ൅ ௥బߪ
ଶ

௥బߤ
ଶ

ூܲௌூ ൌ െ10 logଵ଴ ௥బߤ

ோܲூே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ

௥బߤ
ଶ

ெܲ௉ே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ௥బߪ
ଶ

௥బߤ
ଶ

௖ܲ௥௢௦௦ ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ ൅ ௥బߪ
ଶ

௥బߤ
ଶ െ ோܲூே െ ெܲ௉ே

ூܲௌூାெ௉ேାோூே ൌ ூܲௌூ ൅ ெܲ௉ே ൅ ோܲூே ൅ ௖ܲ௥௢௦௦



RIN Penalty and ISI Scaling

 RIN penalty:

 Requires scaling of RIN std. dev. by total ISI ߤ௥బ ൌ ௠ߩ௦ߩ
 ௥బߤ ൌ ௠ߩ௦ߩ ൌ ଴ߩ ൌ 2݄଴ െ 1

 Consistent with the current version of the spreadsheet 

 spreadsheet accurately captures RIN penalty

ோܲூே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ோூேିைெ஺ଶߪ

௥బߤ
ଶ



MPN Penalty and ISI Scaling

 MPN penalty:

 Requires scaling of ݎ଴ std. dev. by total ISI ߤ௥బ ൌ ௠ߩ௦ߩ

 Scaling treatment of MPN penalty same as that of RIN penalty
 Both std. devs. should be scaled by the total ISI ߤ௥బ

ெܲ௉ே ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ௥బߪ
ଶ

௥బߤ
ଶ

௥బߤ ൌ ,௠ߩ௦ߩ ௠ߩ ൌ ݁ିఉమ/ଶ, ௥బߪ
ଶ ൌ

௦ଶ݇ெ௉ேଶߩ

2 1 െ ݁ିఉమ
ଶ



MPN Penalty and ISI Scaling contd.

 However, Ogawa-Agrawal model (and current version of spreadsheet) uses 

 Effectively uses ߪெ௉ேିை஺ ൌ ௦ߩ/௥బߪ instead of ߪ௥బ/ߤ௥బ

 Therefore, scaling is currently done with ISI due to a single-moded VCSEL, 
௦ߩ  not with the total ISI ߤ௥బ
 OA-model (and so spreadsheet) ignores the additional ISI induced by multi-

moded VCSEL, ߩ௠

 Require additional scaling of ߪெ௉ேିை஺ by ߩ௠ ൌ ݁ିఉమ/ଶ in OA model (and 
current version of spreadsheet) to get correct MPN penalty

 Implies that scaling factor should be different for RIN and MPN in the 
current spreadsheet because of how various quantities are defined and 
partially pre-normalized

ெܲ௉ேିை஺ ൌ െ5 logଵ଴ 1 െ ܳ௢௣௧ଶ ெ௉ேିை஺ଶߪ ெ௉ேିை஺ଶߪ ൌ
݇ெ௉ேଶ

2 1 െ ݁ିఉమ
ଶ



Conclusions

 Have re-derived ISI, MPN and RIN penalties from first principles to resolve 
issues related to correct scaling factors in the spreadsheet

 Shown that the scaling factor for RIN in the spreadsheet is correct

 MPN treatment in spreadsheet is consistent with Ogawa-Agrawal model

 Shown that the MPN std. dev. in the OA model (and current version of 
spreadsheet) ࣌࡭ࡻିࡺࡼࡹ needs to be scaled by ࢓࣋ ൌ ૛/૛ࢼିࢋ to get correct MPN 
penalties

 Shown that while in general both RIN and MPN penalties require the same 
scaling factors (= total ISI), these factors should be different in the 
spreadsheet due to how various variances are defined and partially pre-
normalized


